In this paper, some new Hardy-type inequalities involving ?broken? exponents are derived on arbitrary time scales. Our approach uses both convexity and superquadracity arguments, and the results obtained generalize, complement and provide refinements of some known results in literature. MSC: Primary 39B82; secondary 44B20; 46C05
Introduction
In , Hardy [] stated (without proof ) the following inequality:
where f is a non-negative measurable function. This result was finally proved by Hardy [] (see also Hardy [] ) in . In , Hardy [] obtained and proved the following generalization of inequality (.):
which holds for all measurable and non-negative functions f on (, ∞) whenever α < p -, p ≥ . In , Godunova [] discovered that inequality (.) can be proved via convexity argument, but this result was not well known in western literature. The use of convexity argument to prove Hardy-type inequalities was independently rediscovered by Imoru [] and Kaijser et al. [] in  and , respectively. After that a great number of papers based on this idea have been presented and applied (see [-] ).
In a recent paper, Persson and Samko [] used the convexity argument to prove that inequality (.) is equivalent to the following inequality:
via the substitution f (x) = g(x -/p )x -/p . In the same paper [] it was also shown that inequality (.) is equivalent to inequality (.) via the substitution f (t) = g(t (p--α)/p )t -(+/p) .
It thus follows that Hardy?s initial generalization ( .) is not actually a generalization. Furthermore, in the same paper, sufficient conditions for a variant of inequality (.) to hold were given, namely the following inequality:
The authors established the equivalence theorem for the onedimensional Hardy-type inequalities. In particular, it was shown that inequality (.) is equivalent to the following variant of (.): 
is non-negative and measurable and β(x)
Remark . Observe that under suitable substitutions, all the variants (.)-(.) can be recovered from (.). Thus (.) is more general than all the other inequalities above.
In , Řehák [, Lemma .] proved that if T is any arbitrary time scale that is unbounded above and containing a and α > , then the following estimates hold: 
The above result by Řehák [] signaled the beginning of research on the time scale Hardy inequality. Since the publication of Řehák?s result on the time scale Hardy inequality, other researchers (see, for instance, [-] and the references cited therein) have obtained its generalization both in the one-dimensional and multidimensional settings.
The aim of this paper is to obtain one-dimensional Hardy-type inequalities on a time scale with ?broken? exponent. It is a great interest of this subject (see, e.g., papers [-] where a lot of interesting facts complementing this paper can be found).
Before we present our results, let us recall some essentials about time scales. In , Hilger introduced the calculus on time scales which unifies continuous and discrete analysis. A time scale T is an arbitrary nonempty closed subset of the real numbers . The two most popular examples are T = and T = Z. We define the forward jump operator σ by σ (t) := inf{s ∈ T : s > t} and the graininess μ of the time scale T by μ(t) := σ (t) -t. A point t ∈ T is said to be right-dense and right-scattered if σ (t) = t, σ (t) > t, respectively. We define f σ := f • σ . For a function f : T → , the delta derivative is defined by
A function f : T → R is called rd-continuous provided it is continuous at all right-dense points in T and its left-sided limits exist (finite) at all left-dense points in T. Note that we have
For more understanding of the theory of time scales, we refer the interested reader to [, ] . We recall the following definition of the well-known binomial theorem.
is known as the binomial theorem.
for all y ≥ . We say that φ is subquadratic if -φ is superquadratic.
Time scale Hardy-type inequalities with ?broken? exponent p via convexity
Before we state our results in this section, we shall need the following lemmas. On the other hand, by virtue of the definition of the delta Riemann integrability, there exists a time scale T D containing a and satisfying
Here, the delta integral is taken over [a, l] T D . Thus we get
For the case l = ∞, the proof is given in [].
Our first result in this section reads as follows.
Theorem . Let β >  and T be any arbitrary time scale. If f : T → is differentiable, then the following inequality
holds for any a, b, t ∈ T k such that  ≤ a < b ≤ t, where
By Definition . and equation (.) we have that
Integrating, we get that
Remark . We observed that the chain rule can be applied to simplify the proof of Theorem .. The techniques for doing this can be found in the papers [-] and the details are left to interested readers. Also, a discrete version of Theorem . can easily be obtained, and interested readers can fill this gap since this is not the main focus of this paper. 
Next, for the case b < l, by applying Jensen?s inequality ( .), Fubini?s Theorem., Propositions . and ., we find that
For the proof of the case  < p(x) ≤ , we first note that the functions involving exponents p  and p  are concave. Therefore the two inequalities above hold in the reverse direction so also this case is proved. Next, we state a dual version of Theorem ., when the Hardy operator
is replaced by the dual Hardy operator a)(t -a) .
Hence, our result in this direction reads as follows. 
where
Proof Let l > b. By utilizing Jensen?s inequality ( .), Fubini?s Theorem. and Lemma . and taking into account (.), we find that a)(t -a) .
Next, let l ≤ b. Then, by applying Jensen?s inequality ( .), Fubini?s Theorem. and Lemma ., and taking into account (.), we find that
σ (t) -a)(t -a)
+ I  . 
